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ABSTRACT 

This  report  summarizes  recent  analytical  results  on  the  subject of 
dynamic  response of structural  elements  exposed to sonic  booms.  The 
structural  elements of interest   are uniform beams  and  plates  with  various 
boundary  conditions.  The  disturbances  are  represented  by a variety of boom 
signatures  which  approximate  those  obtained from field  measurements. 

Responses of structural  elements to a unit  impulse  and to a unit  force 
moving at  a constant  velocity  are  first  obtained.  This  enables a comparison 
to be  made of the  relative  dynamic effects of an  N-shaped  pressure  pulse 
and  an  N-shaped  traveling  wave  on a simple  structure.  It is followed by a 
study  on  the effects of boundary  restraints  using  an  N-shaped  pressure  pulse. 

Based  on  the  results  due  to  such  idealized boom signatures as  s ine 
pulse,  half-cosine  pulse,  triangular  pulse,  N-shaped  pulse,  and  N-shaped 
pulse  with  spikes,  two  simplified  methods  in  evaluating  the boom effects on 
structural  elements  are  proposed:  One  requires  only  the  knowledge of the 
peak  pressure  and  the  other,  the  positive  impulse.  Neither  requires  the 
specification of the exact shape of the boom signature. 

The  above  methods  are  very  simple  to  use,  and  are  applicable to 
structural  elements  which  are  always  in  contact  with  the  supports. Con- 
siderable  higher  dynamic effects can  be  expected  in cases in  which  the 
structural  element is loosely bound to  supports  and may ratt le  in  the  wake 
of boom disturbances.  As an  illustration, a uniform  rattling  beam is con- 
sidered  in  the Appendix. 
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1. INTRODUCTION 

The purpose  of  this  report is to summarize some recent  analytical  results 
on  the  subject of dynamic  response of structural  elements  exposed to so'nic 
boom shock  waves.  The subject matter , though  important , constitutes  only 
one  aspect  of a problem of much wider  scope. [ 11" 

The  structural  element  under  consideration may be a component of a build- 
i ng   such   a s  rafters , studs , window  panes , wall  panels , etc. and  which may b e  
typified as a uniform  beam or a  uniform rectangular  plate  with  various  boundary 
restraints .  It is understood  that  the  dynamic effect is primarily  due to the  
direct  application of the  shock  wave  and  the  secondary  effect  arising from the 
interaction of the  element  with  the rest of the  building  can  be  neglected. On 
the  other  hand , the  element is arbitrarily  oriented in  relation to the  direction of 
propagation of the  disturbance.  Hence,  in  l imiting  cases , it may be  subjected 
either to a  pressure  wave  traveling  across its span or t o  a  pressure  pulse.  

The  wave  shape of the  shock  waves  in  far-field  has  been  found [2] to   be  
describable by a  capital N i f  the  wave is  propagated  through  a  homogeneous 
atmosphere.  Reliable  methods [3] are now available  to  predict  adequately  the 
wave  shape  and  magnitude  for  steady  supersonic  flight  taking  i.nto  consideration 
such  factors  as  aircraft  configuration,  altitude , ground  reflection,  Mach number 
and  reference  pressure  in  an  ideal  atmosphere , etc. However , there  will  be 
complications  when  the  aircraft is not  in  a  steady  flight [41 and  the  atmospheric 
condition  deviates , a s  it always  does , f rom the  assumed  isothermal  hydrostatic 
condition. [ 5 ]  [ S ]  Although progress  in  delineating  the  various effects has  been 
made analytically,  it is understandable  that ,   at   the  present,  more reliable  data 
can  only  be  obtained from measurements  in  field. [ 7 ]  [ 83 [ 9 ]  A representative 
group of measured boom signatures is  reproduced  in  Figure 1. It  should  be 
pointed  out  that all these  signatures may be  present  for  a  steady,  level  flight 
at localities spaced  along  the  ground  track  only a few  hundred feet apart .  It is 
not  unreasonable  therefore to assume that  a  structural  element may be  subjected 
to  any  one of these  disturbances  at   one t i m e  or another. 

The  dynamic  response of uniform  beams  and  rectangular plates having 
simply-supported  and  clamped-clamped  boundary  conditions  and  subjected to 
an  N-shaped  pressure  pulse  was first investigated by Cheng-** and  followed  by a 
study of simply-supported  beams  and  plates  subjected to a traveling  N-shaped 
pressure  wave.  The  treatment  was later extended to traveling  pressure 
waves of arbitrary  shape. [ lo]  A similar  treatment  has  appeared [ 113 recently 
together  with some laboratory  experimental  verifications.  Damped  dynamic 

* 
** Number in  square  parentheses  refer to the  Bibliography 

Unpublished  work  submitted  by  David H. Cheng, C i t y   C o l l e g e  of t h e   C i t y  
Un ive r s i ty   o f  New York,   prepared  during  temporary  ass ignment  a t  NASA, 
Langley   Research   Center .  



response  of structural elements exposed to a group of typical sonic boom dis- 
turbances  was  obtained by an analog  computer  which  facilitated  construction 
of a realistic envelope for the maximum response.  Based  on  the  envelope, 
some simplified  methods  were  devised. [I 123 To study  the effect of ratt l ing  in 
the  wake of sonic boom of a structural element which is not  init ially  in  direct  
contact  with  supports,  an  analytical  solution  was  obtained for a beam. [ 133 
In  related  developments,  using  lumped  structural  models , one  study  was  made 
on  the effect of the  near-field  and  far-field  sonic  booms [ 141 and  another  on 
the  dynamic  response of a display  window  including  the effect of coupling  with 
the  roof. [ 15 3 Currently,  an effort is being  made [ 9 1 in  correlating the cause  
and effect through  field  measurements. 

In what  follows,  essential   results  obtained  in some of the  above-mentioned 
analytical  studies  will  be  presented  in a compact  form,  but  in a manner consist-  
ent  with  the  aim of presenting a realist ic  solution to a rather  complex  problem. 
The results  will  be  given  in  terms of a dimensionless  quantity  called  the  dynamic 
amplification  factor  (hereafter  DM)  and  defined  as  the  ratio of the maximum 
dynamic moment to the   s ta t ic  moment due to the uniform  peak  pressure  developed 
at  the  same  point  in  the  structure. The D M  is expressible  in  terms of another 
dimensionless  quantity known as the  period  ratio.  The  latter is def ined  as   the 
rat io  of period  (or  duration) of disturbance to that of the  structural  element. 
Finally,  two  simplified  methods  will  be  presented:  one  requires  only  the 
knowledge of the  peak  pressure  and  the  other,  the  positive  impulse.  Neither 
requirzs  the  specification of the  exact  wave  shape of the  shock  wave. The 
limitations of these  methods  will   be  discussed  including a treatment  in  the 
Appendix  on the  response of a beam  loosely  bound  to  supports  exposed to a 
typical  sonic boom. 

2 .  NOMENCLATURE 

Unless  otherwise  specified  in  the text the  following  nomenclature  will  be 
used: 

a 

a' 

A 

Ab, Ap 

'n 
DX? 

E1 

side of a square  plate 

half  gap 

a ' / a  

Dynamic  amplification  factor ( D M )  for  beam  and  plate,  respectively 

Fourier  coefficient 

Ratio of maximum dynamic moment and  s ta t ic  moment a t  a point 
of structural  element 

Flexural  rigidity of beam 
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EI/12(1-v2) Flexural  rigidity of plate 

H(t) Unit  step  function, =O i f  t < 0; = 1 otherwise 

I O  Positive impulse  (positive  area) of sonic  boom signature 

k Spring constant of a single oscillator 

q K b '  $1 Dynamic  moment  coefficient (for beam  and  square  plate, 
respectively) 

K' E1 f S,43 
R Span  length of beam 

L EI a4 E1 v4 Linear  differential  operator, = - -4 for beam, = 
for plate 

m l  n Integers 

PO 

P( t) Forcing  function 

c1 ax 12(1-v2) 

Peak  pressure of sonic  boom 

pn, p,, Natural  frequency of beam  and  plate,  respectively 

Phase  indicator 

r Aspect  ratio of rectangular  plate 

R ,  R1 Period  ratio  (r/natural  period of structure)  in  any mode and 

R i  T/Ti  

Rd p O l 3 / ~ 1  

in  fundamental  mode,  respectively 

N 

S Rise t i m e  ra t io ,  t1/7 

S I  f Superscripts  denoting  simply-supported  and  free-free 

S Spring  constant 

tl Rise t i m e  for  triangular  pulse 

t C 

t Dimensionless time ratio t / T  

Ti Fundamental  period of free-free  beam 

Tn 
V Constant  velocity of traveling  wave 

v4 Biharmonic  operator 

boundary  condition , respectively 

Crit ical  t i m e  
CI 

Time  function 

6 Coefficients  defining  spike 

6 Dirac  delta  function 
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Dynamic  amplification  function  (daf) for  beam  and  plate, 
respectively 

daf i n  the  fundamental  mode of beam  and  plate,  respectively, 
due to N-shaped  traveling  wave 

Asymptotic  value of daf 

Poisson's  ' rat io 

Mass  per  unit  length  (unit  area) for beam  (plate). 

Period or duration of disturbance 

Damping  factor 

\ 

3 .  DYNAMIC  RESPONSE  OF  STRUCTURAL  ELEMENTS  TO 
BOOM  SIGNATURES  OF ARBITRARY SHAPE 

A number of typical boom signatures  recorded  in  the  field  are  shown  in 
Figure 1. To faci l i ta te   analyses ,   these  s ignatures   can  be  ideal ized  into 
mathematically  describable  shapes,  although it is  obviously more appropriate 
to consider  the boom signature  as  arbitrary  in  shape. The structural  elements 
may be uniform  beams  and plates with  various  boundary  conditions.  They are 
commonly  found in  buildings  in  the form of rafters, s tuds ,  window  panes, etc. 
In this  section,  we  shall   f irst   obtain  the  general  form of response of structural 
elements of any  boundary  condition, to certain  unit  disturbances  with a view 
toward  generalization  later  to boom signature of any  shape. It will  be  followed 
by  more specific  treatment of structural  elements  having  specific  boundary  con- 
ditions  and  subjected to specif ic  boom signatures .  The  aim is to find  the  most 
critical combination of these  conditions,  boundary  as  well a s  loading. 

L e t  the  coordinate  system  be  selected so that  the x-y plane  coincides 
with  the  neutral  surface of the  structural  element  with  the  z-axis  in  the 
direction of deflection.  The  governing  equation may be  written as: 

L z + z = " p  .. 1 
I.1 

where L is a self-adjoint  linear  differential  operator  whose  domain  consists of 
twice  differentiable  functions  satisfying  appropriate  boundary  conditions. For 
a beam, z and P are  functions of x and t ,  and L s tands for EI/p a4/ax4. For a 
plate,  z and P are functions of x ,  y and t ,  and L is  EIV4/12(l-v2)p.  

For a beam  and a plate,   there is an  obvious  analogy  in  the  responses  to 
a given  disturbance.  It is therefore  sufficient to consider  only  the  beam 
response  in  detail  with  the  understanding  that  the  results for the  plate  can  be 

4 



obtained  simply  by  analogy.  Taking  the  origin of coordinates  at  the  left 
support of the  beam,  the  finite  transforms of z and P take  the  following forms: 

a - 
z (n , t )  = s, z(x, t )  Z,(X) dx 

- a 
P(n , t )  = P(x, t )   zn(x)dx 

0 

where  zn is  the  n-th  normalized  eigenfunction  having  the  property: 

a 
[ .:(x) dx = 1 , 
0 

and a is the  beam  span.  Equation (1) can  thus  be  transformed  into  an  ordinary 
differential  equations a s  follows: 

p2 F ( n , t )  + F ( n , t )  = - P ( n , t )  
.. 1 -  

n c1 

where  pn is the  n-th  eigenvalue. For zero  initial  condition,  the  solution  to 
Eq.(4)  is: 

2 

and, by the  inverse  transformation,  one  gets: 
W 

z(x , t )  = ) 
'- zn(x) t - 

nb1 I.( Pn - Jo 
P (n , t )  sinpn  ( t- t ' )   dt '  

Analogous  to  Eq. (6 ) ,  the  response of a plate  can  be  written  as: 

Now the beam  response  to  two  kinds of unit  disturbances  which  are 
illustrated  in  Figure 2 may be  considered: 

5 



(A) Uniformly  Distributed  Unit  Impulse 

The  forcing  function is: 

P (x, t) = 6(t)  

whose  finite  transform is: 

a - 
P (n , t )  = zn(x)6(t)   dx = Cn6(t)  

0 

substituting  into Eq. (6),  one  gets: 

(B) Unit  Force  Moving a t  a Constant  Velocity  (v) 

The  forcing  function is: 

a 
P(x , t )  = 6 ( ~ - ~ t )  H ( v  - t )  

where  6(x-vt) is a distribution x with v and t as  parameters.   I ts   f inite 
transform is: 

Substituting  into Eq. ( 6 ) ,  there  results: 

m 
zn(x) R 

z(x, t )  = 1 - Jo zn(vt ')sin  pn(t-t ' )  H( 7 -t')  dt' 
n=1 c1 Pn 

Equations  (10)  and  (13) may be  considered as  two  basic  solutions for the 
dynamic  response of a beam  exposed  to  sonic boom disturbances.  [ 103 If the 
boom disturbance is in  the form of a pressure  pulse,using  Eq.(lO),   the corres- 
ponding  beam  response can be  obtained  by  integration.  Similarly, i f  the 
disturbance is a moving wave,  the  beam  response  can  again  be  obtained by 
integration by the u s e  of Eq.(13).  In  both  instances,  the  shape of the  pressure 
pulse or of the moving wave  can  be  arbitrary  as  long  as it is describable 
analytically.  

6 



4. STRUCTURAL  RESPONSE  TO  N-SHAPED  PRESSURE 
PULSE  AND  TO  N-SHAPED  TRAVELING WAVE [ l o ]  

In order to ascertain  the relative severity of response of a structure  sub- 
jected to a pressure  pulse  and to a moving wave,  it  is convenient to consider a 
typical   shape  in   the form of a capital  N in  conjunction  with a simple  beam. As 
shown  in  Figure 3 ,  the  N-shaped  signature  can  be  described as: 

It is noted  that   as  far as the  beam is concerned,  the  loading is a pressure  pulse 
when  the  wave  normal ii is in  the  direction of deflection:  and a moving wave 
when ii is parallel to its span.  The eigenvalue  and  the  normalized  eigenfunction 
of a simply-supported  beam  are,  respectively: 

where n is chosen  to   be  an odd  integer  corresponding  to  symmetrical  modes of 
osci l la t ions.  In the   case  of a pressure pu l se ,  only  symmetrical  modes  are 
excited.  In the case of a moving wave,   the  maximum dynamic  stress  occurs 
around  the  midspan. Again only  the  symmetrical  modes  are of interest .  

The  beam  response  to a pressure  pulse now can  be  obtained  as  follows. 
First  substitute  Eq.(  15)  into  Eq.(lO),  then  multiply  the  resulting  equation by 
Eq.(14),   the  response  results by simply integrating  with  respect  to < . The 
maximum response is  obtained as the  s u m  of the maxima of all  modes.  Since 
the   s ta t ic  moment at  the  midspan is p0lz /8 ,   the  DAF for  the  beam  takes  the 
following form: 

in  which cpn represents  the maximum value of the  time-function  in  the  n-th 
mode,  and is only a function of the  period (or frequency)  ratio. The maximum 
may occur either  in  the  forced  phase  when  the  disturbance  interacts  with  the 
beam or in   the free phase  which is subsequent to the  forced  phase.  It is  noted 
that Eq. (16) is a rapidly  convergent  series  and it would  be  adequate by taking 
the  first  one or two  terms  in  the  series. Also, i t  is  clear  that  by assigning  the 
maximum value  to  the  time-function  in every mode,  the  result  represents  an 
upper  bound  for  the DAF. Analogously,  the DAF for a simply-supported  plate is: 
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i n  which cpmn is the  maximum value of the  time-function  in  the m-nth  mode and 
is a function of the  period ratio only. It is recognized  that cpmn is analogous 
to cpn in  every  respect.  Thus , in  Figure 4 ,  cpn or cpmn is represented by the same 
curve  which is a function of the  appropriate  period  ratio. It is observed  that at 
large  values  of period ratio, the  curve  becomes  asymptotic to 2 . 0 .  However , 
the  series in  Eq.  (17). converges  slightly  slower  than  that  in Eq. (16), therefore 
six or  nine  terms  in  the series are  usually  required  for  the  desired  accuracy for 
the  plate .  

Substituting  Eq.(  15)  into  Eq.(  13) , multiplying  the  resulting  equation  by 
Eq. (14)  and  integrating  with  respect to 5 , the  response of a simply  supported 
beam to an  N-shaped  wave  traveling  at a constant  velocity v is obtained. In 
the  response  equation,  there is a velocity  which  makes  both  the  denominator 
and  numerator  vanish  and  the  actual  response  can  only  be  evaluated by a l i m i t -  
ing  process.  This  velocity may be  called  the  coincidence  velocity.  Further 
studies  indicate [ l o ]  that ,   in   the  s imple  case of a single moving load,  the  ab- 
solute maximum modal response of the  beam occurs during  the  forced  phase  at a 
velocity  (critical  velocity)  substantially less than  the  coincidence  velocity,  but 
the maximum value is  only 127'0 higher  than  that  computed  at  the  coincidence 
velocity.  Evidently,  in  the more complicated  case of traveling  wave,  the 
maximum response  would  depend  also  on  the  exact  wave  shape  and a s  a result, 
an  extensive  numerical  computation  would  be  required  to  find  it. On the  other 
hand, it is believed  that   the  results  due to the  critical  and  coincidence 
velocities  should  not  be  substantially  different,  and it is therefore  justified  to 
use the  coincidence  velocity  with  the  great  simplification of the  problem. 

Obviously , the  maximum response  in   the  present  case occurs  when  the 
coincidence  velocity  corresponds to the  fundamental mode of the  structural 
element. The DAF for  the  simple  beam is thus  found  to be: 

A;3 = 1.03  cp; 

where 'pi is a function of the  fundamental  period  ratio, R1, (defined a s   t he   r a t io  
of T to the  fundamental  period of structure)  and is presented  in  Figure  5. 
Analogously,  the DAF for the  simply  supported  rectangular  plate is: 

A' = 1.11 'pil 
P 

where 'pil can  be  also  obtained from Figure 5 provided  the  fundamental  period 
of the  plate is used  instead of that  of  the  beam  for R1. 

We  are now i n  a position  to  compare  the  dynamic effects of the  N-shaped 
disturbance  on  structural  elements  as it  takes   the  form of either a traveling  wave 
or of a pressure  pulse.  Due to the  rapid  convergence of the  series  in  Eqs.  (16) 
and (17) ,  a s   we l l  as to  the  fact   that  Eqs  .(18)  and  (19)  are  obtained  on  the  basis 
of the  coincidence  velocity  in a single  mode, it is sufficient to compare  the 



maximum modal responses  in  the  fundamental mode only. The  following  tabu- 
lation  gives,   side  by  side,   these  responses to the  traveling  wave  and  the 
pressure  pulse: 

Phase Disturbance I navel ing  Wave I Pressure  Pulse 

Forced 

Free 

cpi = 1.785 

cpl = 1.28 

cpl = 2.0 

I cpI = 2.13 
i 

It is seen  that   the   pressure  pulse   induces much more severe maximum dynamic 
effect in  structural  elements  than  the  traveling  wave  either  in  the  forced  phase 
or in   the free phase.  

5 .  THE EFFECTS  OF  BOUNDARY  RESTRAINTS 

In assessing  the  re la t ive  severi ty  of different  boundary  conditions,  it is 
noted  that  the  real  condition of structural  elements  should  be  bounded by the 
l imiting  cases of simply-supported  and  clamped-clamped. The simply- 
supported  boundary  condition  has  been  studied  in  the  previous  section.  The 
clamped-clamped  boundary  condition  in  conjunction  with  an  N-shaped  pressure 
pulse  will  be  studied  presently. 

The basic  solutions  represented by Eq.( 10) is still valid for the  clamped- 
clamped  structural  elements  provided  the correct eigenvalue  and  the  correct 
normalized  eigenfunction  are used. Since  only  the  symmetrical  modes  are 
excited,  the  origin of coordinate  axes  can be conveniently  taken  at  the  center 
of span. In the   ca se  of clamped-clamped  beams,  the  eigenvalue  and  the 
normalized  eigenfunction  are,  respectively: 

mn x mn  mnx zn(x) = 1/JR (cos a / c o s  - 2 - cos h -/cos h- R 2 (2 1) 

where mn satisfies  the  frequency  equation: 

mn  mn tanh - + tan - - - 0  2 2 

corresponding to the  first three symmetrical  modes,  Eq. (22)  gives: m2 = 4.73,  
m4 = 10.996  and m, = 17.279.  Substituting  Eq.(21)  into  Eq.(9)  and  performing 
integration,  one  gets: 



Cn = (4Ja/mn) tan - mn 
2 

Using  Eqs. (21) (23)  and  (10)  coupled  with Eq. (14) I the   response of the 
clamped-clamped  beam to an  N-shaped  pressure  pulse is found to be: 

cos - R 

2 

- 
n=even n COS - cosh- 2 I 

in  which cpn i s  the  same  as  defined  in  Eq.(  16 ) .  The  moment along  the  entire 
beam  can now  be evaluated. The  maximum  moment occurs at  the  supports 
having  the form of: 

MS = 8poQ2 7 Yn 
n=even 

whereas  the moment at  the  midspan is: 

11 
I tan - 

MC = 8p0Az7 I : 2 1 
- I m i  

n=everi cos- 2 cosh- 2 

The DAF can now be  evaluated by using  the  s ta t ic  moment at  the  support 
(po A2/12) and  that   at   the  center  (p0I2/24).  It is found  that  the DAF a t   the  
center i s ,  in  general ,   higher  than  at   the  support ,   but is always much less 
than  twice  as much. Consequently,   the maximum dynamic moment always 
occurs at  the  support.  However,  in  comparing  with  the maximum dynamic 
moment in  a simply-supported  beam, it  is still much less.  Therefore, 
unless  the  boundary  condition is clearly  clamped-clamped, it would  be more 
rea l i s t ic  to assume  the  simply-supported  condition. 

A similar  treatment  for  square  plate is also  made. It is found that 
although  the  dynamic moment a t   t he  midpoint of the  clamped  edge is bigger 
than at the  center, it  is far  smaller  than  what  would  be  induced  at  the  center 
of a simply-supported plate. The same conclusion may also be  drawn  for 
rectangular  plates. 
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6.  STRUCTUFUL  RESPONSE T O  VARIOUS IDEALIZED 
BOOM SIGNATURES [ 12 3 

The fact that   the   sonic  boom signature may vary  widely as s e e n   i n  
Figure 1 makes it desirable  to s tudy  the  response of the structural elements 
to each  of these   rea l i s t ic  boom signatures.  To simplify  analysis,   these boom 
signatures  are  idealized as  shown i n  Figure 6.  As pressure  pulses , they may 
be  described  mathematically as follows: 

(a) Sine  pulse 

P(t) = s in  2 n r [ 1  - H(y- l)] 

(b)  Half-Cosine  pulse 

P(t) = cos  ny[l - H(T- l ) ]  

(c) Triangular  pulse 

P(t) = t / s  - [( t - s ) / s (  1-2;)] H( t - S) ” - ” 

(d) N-Shaped pulse  with  Spikes 

P ( t )  =  CY) - (2+a/P)?-a(l-?/P)H(?-/3) 

+ [(l+cu) -(2-cu/P)(l-Y)]H(Y-l) 

-   CY/^)( 1+/3-y) H(?-l+/3) ( 2  7d) 

where y=t /T,  s = t l / T  and tl is the rise t i m e  for  the  triangular  pulse. CY and P 
are  dimensionless  coefficients  defining  the  shape of a spike.   I t  may be  verified 
that  when  ;vanishes  in  Eq.(27c)  and CY or /3 vanish  in  Eq.(27d),  the  correspond- 
ing  forcing  functions  all  reduce  to  the  N-shaped  pulse. 

N 

The dynamic  response of a continuous system s u c h   a s  a beam  or a plate 
cons is t s  of an  infinite  sum of the  products of the mode shape  function  and  the 
t i m e  function of all  the  modes. If one is interested  in   the upper  bound of the 
response,   the  maximum values  can  be  assigned to both  the mode shape  function 
and  the t i m e  function.  The t i m e  function,  however,  must  satisfy  an  equation 
identical  to Eq . (4) , or: 

.. 1 
CL 

Tn -E pk Tn = - P(t) 
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It is noted  that Eq. (28) governs  the motion of a single  oscil lator of frequency pn 
which may be  defined as  /k/p , and k being  the  spring  constant. The  maximum 
response of the  oscil lator to the  disturbance  p(t)  having  the maximum amplitude 
of unity is thus: 

L 

in  which cpn has  been  previously  defined  in  Eq.( 1 6 ) .  Defining  the  dynamic 
amplification  function  (hereafter  daf) a s  the  ra t io  of the maximum response of 
the  s ingle   osci l la tor   to   the  s ta t ic   response  which i s  simply l / k ,  one  finds: 

daf = cp n 

It is noted  that  the  daf or cpn is the  component  in  the  series for the DAF 
given by Eqs.  (16)  and  (17).  It is clearly  advantageous  to  attempt to obtain 
first  the  daf  before  constructing  the DAF for a l l   the   ideal ized boom signatures.  
Due to the  rapid  convergence of the series for  the  DM,  only a few  terms of daf 
would  be  necessary for an  adequate  accuracy.  Further,  should it become 
important  to  consider  the effect of damping, it can  be  easily  accomplished 
through  the  use of a simple  analog  computer. 

Neglecting  damping  for  the  time-being , the  forcing  functions  in Eq . (27)  
can  be  substi tuted  in Eq. (29)  and  the  daf or cpn determined  in  the  usual  manner 
for  any  given  period  ratio.  Thus  Figure 7 shows  the  daf as  a function of the 
period  ratio R for a sine  pulse.  Similarly,  Figure 8 gives  the  daf for a half- 
cosine  pulse .   I t  mus t  be  pointed  out  that  they  represent  the  envelopes of 
maximum daf a t  a given R ,  which may occur  either  during  the  forced  phase or 
in  the  subsequent  free  phase. An inspection  reveals  that   the  sine  pulse  induces 
a maximum daf of more than  3.25,  but  at   large  values of R ,  the  daf  tends  to  be 
asymptotic  to  unity. On the  other  hand,  the  half-cosine pulse  induces a maxi- 
mum daf of about  2.70,  and  the  daf is asymptotic  to 2 . 0  a t   large  values  of R .  
Comparing it with  the  daf  for  an  N-shaped  pulse  (Figure 4), the  lat ter  induces a 
maximum of 2.23  and is also asymptotic to 2 .0   a t   l a rge   va lues  of R.  The 
smaller  peak  value  in  the case of the  N-shaped  pulse  seems  to  be  due to the  
sharper  decay of the  pressure jump resul t ing  in  a smaller  positive  impulse 
(posit ive  area  enclosed  in  the  pulse  diagram). 

Obviously  the  positive  impulse is not  the  sole  factor  affecting  the  maxi- 
mum value of daf.  Figure 9 shows a comparison of the  daf  envelopes  for 
several  symmetrical  triangular  pulses  having  different  rise  times.  Since 
every  pulse  has  the  identical   posit ive  impulse,   the  diagrams  serve to reveal ,  
in  addition to their   intrinsic  values,   the effect of the  r ise  t i m e  ra t io ,  g .  At R 
below 0.8,  it  is seen  that   the  daf is insensi t ive to Y, one may conclude  that it 
is dependent  solely  on  the  positive  impulse for relatively  low  values of R .  
Also, the  peak  daf  increases  with z,  while  the  value of R at  which  the  peak 
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occurs shifts from below to above  unity. But even  at  = 0.25,  the  peak  daf is 
still substantially  below  that  corresponding to the  s ine  pulse .  At large  values 
of R ,  the  peak  daf seems to be  again  asymptotic to 2 . 0 .  

Figure 10  gives  the  daf  envelopes  for  an  N-shaped  pulse  with  spikes. 
The parameter IY is taken to be  unity , meaning  that  the  spike is of equal  magni- 
tude  as  the  peak  pressure of the  basic  N-shaped  pulse. The  parameter p is 
given  three  different  values  namely, . 1 , .05  and . 01 . For the smallestp , the 
disturbance is almost  like a perfect  N-shaped pu l se ,  and  the  diagram  should  be 
comparable to what is given  in  Figure 4. However , since  the  daf is obtained  on 
the  basis  of peak  pressure,  which is (l+cr)p0  or  2p0 in   the  present   case  the 
magnitude of daf is about  half of that for a perfect  N-shaped  pulse. 

As expected,  Figure  10  shows  that  the  daf  increases  with /3 which is a 
measure of the  positive  impulse of the  disturbance. In  addition, it is seen  that  
the  daf  increases  also  with R .  Further  investigations , however,  reveal  that  the 
daf i s ,  in. a practical  sense,  bounded  and  remains  below  2.5  for R a s   l a rge   a s   50 .  
Resul ts  for cy = 0.5  are found to be  consistently  lower,  hence  not  presented  here. 

Once  the  daf  or cpn as a function of R is obtained for a given  disturbance , 
the DAF can  be  easily  constructed.  For a simple  beam, for instance Eq.(16) 
may be  written  in  the  following form: 

where is the  asymptotic  value of cpn at   large  values  of R ,  and cpl is the  daf 
corresponding to the  fundamental  mode.  Since  the  period  ratio  corresponding to 
the  next  higher mode than  the  fundamental is nine t i m e s  a s   l a rge  , it is justifiable 
to  factor  out  in  Eq. (31). Similarly , for a square  plate ( v =  0.3) , Eq. (1 7) may 
be  approximated  as: 

Ap = 1.11 (q l l  + 0 . 1 9 P )  (32) 

where 5 represents  the  asymptotic  value of cpmll a t  large R and cpll the daf  for 
the  fundamental  mode. For an  N-shaped  as   wel l   as  a half-cosine  pulse , 
takes  an  asymptotic  value of 2.0;  whereas  for a sine pulse  can  be  taken  as 
one. Since cpl and cpll depend  only  on  the  fundamental  period of the  structural 
element,   the DAF become  simply a function of the  fundamental  period  ratio, R1 , 
only. 

As it has  previously  been  noted  that  the D X  so obtained is the  upper 
bound of the  true DAF, because it is obtained on the  assumption  that  all  the  daf 
simultaneously  reach  their  respective  maxima.  In  an  effort to assess   the  accuracy 
of the  upper  bound  approach,  the D M  for a simple  beam  subjected to an  N-shaped 
pulse is obtained  through a direct  numerical  evaluation of the  response  ser ies  at 
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small t i m e  intervals  and  with  an  automatic  comparing  and  elimination  process. 
The DAF so obtained is presented  in  Figure 11 alongside  with  that  obtained by 
E q .  (31). It is seen  that   the   resul ts  by either method are c\drpDarable. Since 
the  upper  bound  method is much simpler  and  somewhat more conservative , its 
use is considered  justified. 

In concluding  the  study of structural  response to various boom signatures,  
it is seen  that ,   in   general  , the  DAF is dependent  on  both  the  period  ratio  and 
the exact shape of the  signature. For a given  shape of boom signature , the D X  
can  be  reduced to depend  only  on  the  fundamental  period  ratio for the  structural 
element. 

7 .  EFFECTS OF DAMPING [ 121 

It is only  realist ic to take  into  account   the effects of damping  although 
the  comldication  introduced may be  considerable. The t i m e  function now m u s t  
satisfy  the  following  equation: 

If the  forcing  function is an  N-shaped  pulse , the  damped  daf  varies  with  the 
period  ratio as  shown i n  Figure 1 2 .  While  the  solid  l ines  represent  the  results 
of analytical  solution,  the  small  circles  represent  the  analog  comimter results. 
The  confirmation of the  analytical   results by the   use  of an  analog  computer is 
rather  good.  Similarly , the  damped  daf  for a half-cosine  pulse  and €or a s ine 
pulse  are  shown  in  Figures  13  and  14,  respectively.  It  should  be  noted  that  in 
these  figures,  dotted  curves  pertaining  to  damping  factors p equal to .025  and 
.05  are  obtained  exclusively by the  analog  computer. 

An inspection of Figure 1 2  reveals  that   the  effect  of damping  depends  on 
the  period  ratio,  and it becomes  particularly  effective  near  the  integer  values 
of the  period  ratio. The reason for all this can   be   seen  from Figure  15  in  which 
the  critical  time-ratio  corresponding to the  absolute  maximum response is 
plotted  ag3inst  the  period  ratio. It is noted  that  near  the  integer  value of the 
period  ratio , the maximum occurs either  in  the  free  phase ( t c / T  > 1) or  near  the 
end  in  the  forced  phase.  In both  cases,  the  damping is expected to be  sub- 
stantial  since  damping  effect is proportional  to  the  number of cycles  of 
oscil lation . 

I t  is clear  then  damping  should  be more effective for stiff structural 
elements or for  large  period  ratios.  This is borne out in  Figure 1 6  by plotting 
the  critical  time-ratio  against  the  period  ratio for a small  amount of damping 
(p=.025). The critical time-ratio is seen  to have  shifted from around  unity t o  a 
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fraction as long  as   the  per iod ratio is slightly  above 2 . 0 .  The same is found 
to be  true for the  half-cosine  pulse. For the  N-shaped  pulse  with  spikes,   the 
sharp  increases  of the  daf  around  integer  values of period  ratio  (Figure 10) are 
believed to be  affected by  damping  and  are  likely to be  replaced  by a gradually 
ascending  curve  asymptotic to 2 . 0 .  

Inasmuch as there  always exists a certain  amount of damping,  one may 
conclude  that   the maximum is l ikely to occur  near  the  zero t ime  at large  period 
ratios. Under this c i rcumstance ,   as  far as  the  structural   element is concerned, 
the  loading  essentially  behaves l i k e  a step  loading.  Consequently,  the  daf 
should  never  exceed 2 . 0  at   large  period  ratios.  

8. A SIMPLIFIED APPROACH TO EVFS,UATING EFFECTS 
OF SONIC BOOMS [ 12 ] 

Previous  sections  have  shown  that  the D M  depends  in  general  on  the 
exact   shape of boom signature  and  on  the  period  ratio.  Due  to  the  rapid  con- 
vergence of the  series,  and  to  the  asymptotic  behavior of the  daf  at   large  values 
of the  period  ratio,  the DAF can  be made dependent  only  on  the  fundamental 
period  ratio  provided  the  shape of boom signature is prescribed.  Unfortunately, 
due to a variety of circumstances,  the  exact  shape of boom signature  that  inter- 
acts  with  the  structural  element may always  be  somewhat  uncertain.  Hence, 
from a practical  point of view,  it seems more important to devise  an  approach 
by which  an  engineering  assessment of the   sonic  boom effects can  be made 
simply,  quickly  and  with  the minimum number of parameters. 

At the  expense of accuracy  which may be  somewhat  sacrificed for 
practical  purposes,  two  simplified  methods may be  proposed.  In  both  methods, 
the  fundamental  period  ratio (R,) m u s t  be  known.  The  additional  parameter in   the 
first  method is  simply  the  peak  pressure  (po);  and  in  the  second,  the  positive 
impulse (I,). The  two  methods  are  closely  related  and  require  no  knowledge of 
the  exact   shape of the boom signature a s  will  be  explained  below: 

(A) Simplified DAF Envelopes 

To  circumvent  the  requirement of knowing  the  exact  shape of boom signa- 
ture,  it is proposed  to  construct a realistic  governing  envelope  using  all  the  daf 
envelopes so far  obtained  for  the  various boom signatures.  As  an  intermediate 
s t ep ,  a set of damped  daf  envelopes  are  constructed  and  shown  in  Figure 17 .  
For all  practical  purposes,  the  sine  pulse  governs  the  envelope  within a narrow 
range of the  period  ratio (0 .8  I R I 1. go), and  the  half-cosine  pulse  governs it 
outside of this range.  Noting  that  the  asymptotic  value of daf  for  the  sine pulse 
is unity  and  that for the  half-cosine  pulse is two,  the DAF for the  beam, or 
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Eq. ( 3  1) may be  written as: 

Ab = 1.03 (ql -k 0.05), 0 .8  < R 1  2; 1.90 
(34) 

Ab=  1.03(v1 + 0.1) , 0 I R1 < 0.8 and R1 >1 .90  

Similarly,  the DAF for the  square  plate,  or  Eq.(32)  becomes: 

% = 1.11 (Til + 0.19) ,  0.8 I R1 I; 1.90 
(35) 

Ap = 1.11 (cp,, + 0.38) ,  0 I.R1 <0 .8 ,   and  R, >1 .90  

In  addition,  assuming  the  existence of some  damping,  then  at a suf-  
ficiently  large  value of R1 , the  disturbance  can  be  viewed  as a step  loading. 
Therefore, it is proposed  that: 

Using Eqs . (34) to (36)  and  Figure  17,  an  envelope for Ab and Ap can  be  con- 
structed  within  the  specified  ranges of R,. To further  simplify  the  envelopes , 
straight  lines  are  used as shown  in  Figure 18. It  should be clear   that   in  
constructing  the  envelopes , the effect of damping is ignored  for  relatively 
flexible  structures  (small R,) and is implicit for relatively stiff structures 
(large R,) . 

The s t a t i c  moment to be  used  in a simple  beam is pol2/8  and  that   in a 
simple  square  plate , 0.0479  poa2. Knowing p,, the  dynamic  moments  can now 
be  evaluated. 

(B) Simplified  Envelopes  for  Dynamic  Moment  Coefficients 

If the  positive  impulse Io instead of the  peak  pressure is known,  another 
method may be  devised  since  the  envelope of D M  is available.  Noting  that  the 
quantity  po7/I0 is a numerical  constant (n )  for both  since  and  half-cosine 
pulses , the  following  expression may be  written: 

DAF = K Io/p07 (37) 

where K depends on R1 and may be  obtained by multiplying  the DAF by n.  How- 
ever ,  a study of field  measurements  [8] of sonic  boom disturbance  indicates  an 
average  value of po7/I0  about 4 (instead of n) for a sine  pulse;   4.35  ( instead 
of 4) for an  N-shaped  pulse  and 5 ( instead of slightly  over  4) for an  N-shaped 
pulse  with  spikes.  Obviously, Io is always less in   real i ty   than  in   the  ideal ized 
wave  shapes,   and it becomes  accentuated  in  the case with  spikes  where  the 
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pressure  decay is very  steep.  Therefore,  in  constructing  Figure 1 9 ,  a value of 
4 is used for po7/I0 at R1 s 1.25  and 5 at R1 > 2.25.  Straight  lines  are  used  in 
connecting  the  diagrams,  in  the  intermediate  region. 

Using  the  definition of the DAF, the  dynamic moment for  the  beam  and 
plate  can  be  obtained  respectively as follows: 

Mdb = I$, Io A z / 8 T  

M = 0.0479 K I a Z / T  
dP P O  

Kb and Kp may be  called  the  dynamic moment coefficient  for  beam  and  plate 
respectively.  

It is believed  that  comparable  results  can  be  obtained by either of the 
two  simplified  methods.  While  the  first is more accurate,  the  second  should 
be more conservative for m o s t  wave  shapes  except for those  with  sharp  spikes 
for  which  the  results may be  somewhat  lower  for  very stiff structural  elements. 

9 .  CONCLUDING REMARKS 

Allowing certain  variabilities of shape of sonic  boom s igna tures   as  
reflected  in  field  measurements,  an  upper-bound of the  dynamic  effects  on 
structural  elements may be  estimated  by  the  simplified  method  reported  herein. 
Aside f r o m  the  usual  assumptions  regarding  the  structural  element, it is under- 
stood  that it is always  in  contact  with  the  supports.  Furthermore,  the  sonic 
boom effects are  considered  super-imposable  to  other  effects,  either  static or 
dynamic,  due to other  causes.  

Considerably  higher  dynamic effects can  be  expected  in  the  unusual  case 
where  the  structural  element is loosely bound to supports  and  can  therefore 
ra t t le   in   the  wake of sonic  boom disturbances.  Depending  on  the  relative stiff- 
nes s  of the  structural  element  and its support  and  other  factors,  the  dynamic 
shear  may increase much  more rapidly  than  the  dynamic  moment. As a resu l t ,  
the   tensi le  stress induced by shear  at   the  supports may become  the  dominant 
cause  for damage  in  structural  elements  made of brittle  construction  material. 
This is i l lustrated  in   the Appendix  by a rattling beam subjected  to  an  N-shaped 
pulse. 
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APPENDIX 

RESPONSE OF STRUCTURAL ELEMENTS  LOOSELY  BOUND 
TO SUPPORTS  SUBJECTED TO N-SHAPED PULSE 

In  the text of this  report,  the  structural  elements  are  assumed to be 
always  in  contact  with  non-yielding  supports.  However,  in  houses of sub- 
standard  construction  or  in  disrepair,  structural  elements  such as  window 
panes are often  found to be  not i n  immediate  contact  with  the  supporting  frame. 
A disturbance  in  the form of a pressure  pulse  will   induce  ratt l ing of the  element 
within a gap,  possibly  resulting  in  dynamic effects much more severe  than  those 
predicted  by  the  previous  treatment. 

It would seem desirable  to treat  a uniform,  rectangular  or  square  plate 
subjected  to  an  N-shaped  pressure  pulse;  the  plate  would  be  induced to ratt le 
i n  a gap  between  two sets of springs.  The assumption of spring  supports seems 
not  only  realist ic,   but  also it circumvents a serious difficulty  which  arises 
when  the  classical  plate  theory is used   in   the   case  of rigid  supports.  However, 
one  major  difficulty still remains  for  the  plate,  that is ,  after its first  contact 
with  the  spring,  new  contacts or loss of contact  with  the  spring  will  not  occur 
simultaneously  along  the  entire  perimeter,  thus  the  problem  becomes  highly 
indeterminate  and  untractable. 

In  an effort to   ga in  some basic  understanding of this  realistic  problem, 
an  analogous  problem is studied,  namely,  a beam  which is  induced  to  rattle 
between  two  sets of springs  by  an  N-shaped  pressure  pulse. It is believed  that 
the  results  obtained for the beam  should  be more severe  than for the  plate.  The 
detailed  mathematical  derivations  can  be  found  in  Reference 13. 

The beam is assumed  to  be  init ially  at   rest   (Figure 2 0 ) .  Neglecting 
damping,  the  solution  can  be  expressed  in  two  eigenfunction  series: 

m f  f 
Z(x,t) = z, ( 4  Tn(t)  i f  q is even 

n= 1 

Z(x,t) = f a' + 1 Zz(x) T n ( t )  i f  q is odd S 

where q is a phase  indicator  whose  initial  value is 0 and  which  increases by 
one  every t i m e  the  beam  either comes into  contact or loses  contact  with  the 
spring  supports. The superscripts f and s denote  free-free  and  spring- 
supported,  respectively. The eigenfunctions Zn(x) , are  obtained by satisfying 
the  following  equation: 

L z + p ; z  = 0 
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and  the  accompanying  boundary  conditions: 

The t i m e  function, Tn on  the  other  hand  must  satisfy  an  ordinary  differential 
equation  identical  to Eq . (28)  and  the  appropriate  initial  conditions  which  are 
determined  inductively. L e t  t = t  be  the  beginning of phase  q ,   then  a t   to  = 0 ,  . 

Tn(to) = Tn (to) = 0. Since  the  response  in  phase  q - 1 is already  determined, 
tq is simply  the  smallest  root  exceeding  tq-l of IZ (f R/2 t) I = a' . For t = tq , 
the  displacement  and  velocity of every  point  on  the  beam  must  be  continuous 
i . e .  

9 

using  the  orthogonality  properties of the  eigenfunction,  the  initial  values 
Tn(tq)  and in (tq)  can  be  obtained  via  the  above  equation  in  terms of the time 
factors  determined  in  the  previous  phase.  Then by Duhamel's  integral,  we  get: 

where  Cn is the  Fourier  coefficient for the  eigenfunction,  and P (z) is given 
by E q .  (14). Performing integration,  we  get  finally: 

cn PO cos pn (t-T) 2 s in  pn(t-T +- H(T-tq) ![ + tl [H(T-t) -11 
P I p: P i  7 J 

i 

- cos &(t-t ) 2 s inpn(t- t  ) 
(1-2tq/73 + P i  7 + - i . ( l - 2 t / ~ ) H ( ~ - t )  L (A6) 

'n I J 
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Equation (A6) together  with  the  appropriate  eigenfunction  can now be  used i n  
Eq.(Al) to compute  the  end  deflection  and  shear,  center  deflection  and center 
moment. The computations for the DAF are carried  out  by  using 5 terms i n   e a c h  
series a t  small t i m e  intervals  until  the t i m e  T +  3Ti,  where Ti  is the  fundamental 
period of the  free-free  beam. 

The pertinent  parameters  in  determining  the DAF are   l i s ted  below: 

(a)  ratio of s t i f fness  of beam  and  that of spring  support, K' = EI/S13 : 

(b)   ra t io  of boom duration  and  the  fundamental  period of free-free 
beam, R i  = T/Ti ; 

(c) rat io  of half-gap  to  beam  span, A = a'/A and 

(d)  ratio of center  deflection  under  uniform  peak  pressure  to  span 
length,  R h  = 5 po R3/384EI = 5Rd/384. 

A qualitative  understanding is gained  by  computing  the DRF for moment 
and  shear  while  making some discrete  variation for some of the  parameters  and 
continuous  variation  for Ri  . The results  are  shown  in  Figures 2 1 and 2 2 .  Rd is  
chosen to be  0,2133  which  corresponds  to  1/360  for  the  ratio of center  deflection 
to span  length; A is chosen to be  0.00125  which  corresponds to a gap  equal to 
the  thickness of a realistic  window  pane  and K is given  two  values  0.01  and 
0.001 which  correspond to ratios of center  deflection to support  deflection of 
2 . 6  and 26 respectively.  

It  can  be  seen  that  for  the  cases  considered,  the DAF for  moment exceeds 
4 whereas  that for shear  exceeds  6.65,  thus  both  are  much more severe than  the 
ordinary  simple  beam  constrained  not to rat t le .  It is noteworthy  that  shear 
increases  much  more readily  than moment due to an  increase  in   spr ing  s t i f fness .  
This  trend is found to continue  when a value of K equal to 0.0001 is considered. 
The case in  which K is smaller  than  0.0001 is not  considered  due  to  inaccuracy 
introduced by the  extremely  rapid  change of phases .  There is  also  the  possi-  
bility  that  the  Bernourilli-Euler  beam  theory itself may not  be  valid for such 
stiff supports. 

Further  computations  indicate  that  for  given R i ,  K and Rd the  gap  ratio 
has  only a minor effect on  the D M .  The same is true of Rd for  given R i ,  K 
and A. 
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(a)  Type R 

( c )  Type C ( d l  Type P 

FIGURE 1, Typical sonic boom signatures, 
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a) Ur.it impulsel b) Unit force moving at constant 
velocity, 

FIGURE 2, UNIT DISTURBANCES 



FIGURE 31 N- shaped  disturbance  (pulse or traveling wave) 
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FIGURE 4, Maximum modal  response to N-shaped pulse, 
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(a) Type R 
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(e )  Type N 

FIGURE 6, Idealized sonic boom signatures, 
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FIGURE 81 dIaA for a half - cosine pulse, 
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FIGURE 9. d.a,f, for  triangular pulses. 
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FIGURE 10, dIaA for an N-shaped pulse with spikes, 
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FIGURE 12, Damped d,a,f, for an N-shaped pulse, 
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FIGURE IS, Damped dlalf, for a half - cosine pulse, 
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FIGURE 15, Critical time-ratio for an N-shaped pulse (no damping), 
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FIGURE 16, Critical time-ratio for an N-shaped pulse 
(with damping 5 =0,025), 
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FIGURE 19, Simplified  envelopes for 
I 

dynamic moment  coefficients, 

41 



FIGURE 20, Initial state of a rattling  beam, 
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FIGURE 2 I ,  D, A, F for center  moment of a rattling  beam, 
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